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The Point Ground Electrode in Vicinity 
of the Semi-Spherical Inhomogenity 

Nenad N. Cvetković1, Predrag D. Rančić2 

Abstract: Characterisation of the point ground electrode placed in the surroun-
dings or inside of the semi-spherical earth inhomogenity and fed by low 
frequency (LF) current using isolated earthing conductor, is presented in this 
paper. The ground impedance (resistance and reactance) and potential dis-
tribution on the ground surface are determined. Image theory for two-layer semi-
conducting media, as well as for the one point electrode placed nearby or inside 
of the spherical body is used during the analysis. 

Keywords: Grounding system, Impedance, Potential, Green’s function. 

1 Introduction 

The spherical and semi-spherical inhomogenity in the surroundings of the 
grounding can be presented in analysis and solving of different problems. For 
example, concrete foundation of the pillar can be approximately treated as 
inhomogenity of this kind. Also, the obtained results can be used for cha-
racterisation (determining impedance, step voltage, touch voltage and potential 
distribution) of the linear grounding electrode placed at the arbitrary direction in 
the surroundings or inside of analyzed inhomogenity, treating earth as a semi-
conducting medium. Combination of the quasistationary image theory for two-
layer semi-conducting media and for semi-conducting spherical inhomogenity, 
was applied. The result of the previously described analysis is the Green’s func-
tion of the point electrode placed nearby or inside of the semi-spherical earth 
inhomogenity [1, 2]. 

2 Theoretical Background 

The point ground electrode having radius 0r  fed by LF current I and placed 
inside and outside of the semi-spherical semi-conducting inhomogenity of radius 
a  is observed (Fig. 1a-b). The electrode is placed at the depth h . The earth is 
also treated as semi-conducting medium. The normal distance between the 
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electrode and the center of the semi-spherical inhomogenity is L . The center of 
the spherical coordinate system coincides with the center of semi-spherical in-
homogenity. The position of the point electrode is defined by the values of the 
spherical coordinates 2122 )( Lhd +=  and )arctan( hL=α . 

The conductivities, permitivitties and permeabilities of the system shown in 
Fig. 1a-b are labelled with iσ , 2,1,0,, 0r0 =μ=μεε=ε iiii , where indexes 0, 1 
and 2 correspond to the free space, semi-conducting ground and semi-spherical 
inhomogenity, respectively. The complex conductivities are: 00 jωε=σ  for free 
space ( 00 =σ ), 111 jωε+σ=σ  for semi-conducting ground and 222 jωε+σ=σ  
for semi-spherical inhomogenity, where ω  is the angular frequency. 

 
 a)      b) 

Fig. 1 – Point ground electrode outside (a) and  
inside (b) of  the semi-spherical inhomogenity. 

2.1 Determination of the potential and grounding impedance 
Procedure of potential determination of the system shown in Fig. 1a-b is 

based on combine using of the quasistationary image theory for two-layer semi-
conducting media [1] and image representation of the point electrode placed near 
the semi-conducting spherical body [2]. In general case, the equivalent system 
can be formed combining application of image theorem in plane semi-
conductive mirror and semi-conductive semi-spherical inhomogenity. In 
obtained case, the condition 021, σ>>σσ  is satisfied. After applying the image 
theory, the equivalent system is formed of point electrode, and its image placed 
at the distance h  above the boundary surface, at normal distance L  from the 
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center of the spherical coordinate system. The equivalent image current is  
IRz10  (when grounding electrode is inside of the inhomogenity) or IRz20  

(when source is outside of the inhomogenity), where 

)()( 010110 σ+σσ−σ=zR  and )()( 020220 σ+σσ−σ=zR  

are the reflection coefficients. By that, since it is 021, σ>>σσ , it can be 
assumed that 1, 2010 ≈zz RR . Also, in this case, after applying the image theory, 
the semi-spherical inhomogenity can be treated as a spherical semi-conducting 
body. The potential of the field point in the ground is obtained as a result of the 
potential superposition of the source and its images. This potential presents the 
Green’s function for the point electrode placed nearby or inside of the semi-
spherical earth inhomogenity (Fig. 1a-b), when 021, σ>>σσ . It is assumed that 
source and point in which potential is determined are placed in the same 

tec=ψ -plane of thespherical coordinate system. Now, potential can be expres-
sed as 
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when electrode is placed outside, and 
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when electrode is placed inside of the semi-spherical inhomogenity. By that are: 
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 2122
1 )]cos(2[ θ−α−+= rddrR , 

2122
2 )]cos(2[ θ−α−+= rDDrR , 

 2122
1 )]cos(2[ θ+α++= rddrR l  

and 
2122

2 )]cos(2[ θ+α++= rDDrR l . 

The reflection and transmission coefficients 12zR  and 12zT  in expressions 
(1a-b) are as follows:  
 )()(1 21211212 σ+σσ−σ=−= zz TR . 

The distance of the images from the center of the semi-conducting sphere, 
obtained using the image theory for the spherical semi-conducting body, is 
labelled with daD 2= . 

In the frame of the presented analysis, it is assumed that LF domain is 
considered ( rad/s100Hz,50 π=ω=f ). After determining the potential on the 
electrode surface U=ϕ , it is possible to obtain the ground electrode impedance 
that has capacitive character, ggg XRIUZ j−== . 

3 Numerical Results 

The resistance and reactance of the point grounding ground electrode 
having radius 0r  and fed by LF current I  shown in Fig. 1a (when point 
grounding is placed outside of inhomogenity), versus the distance L , for differ-
rent 21 σσ  ratio as a parameter, are shown in Fig. 2. The values of the para-
meters are m5.0=h , m1=a , cm5.20 =r , 101 =εr , 32 =ε r  and S/m01.01 =σ . 

The potential distribution on the ground surface for point grounding shown 
in Fig. 1a, for different 21 σσ  ratio as a parameter, is shown in Fig. 3. The pa-
rameters’ values are m2=L , m1=h , m1=a , cm5.20 =r , 101 =εr , 32 =ε r  and 

S/m01.01 =σ . 

The resistance and reactance of the point grounding from Fig. 1b (when po-
int grounding is placed inside of the inhomogenity), versus the distance L , for 
different 21 σσ  ratio as a parameter, are shown in Fig. 4. The values of the pa-
rameters are m5.0=h , m1=a , cm5.20 =r , 101 =ε r , 32 =ε r  and S/m01.01 =σ . 
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Fig. 2 – Resistance and reactance of the point ground electrode (Fig. 1a). 

 

Fig. 3 – Normalized potential distribution on the ground surface (Fig. 1a). 
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The potential distribution on the ground surface for point grounding shown 
in Fig. 1b, for different 21 σσ  ratio as a parameter, is shown in Fig. 5. The pa-
rameters’ values are m5.0=L , m3.0=h , m1=a , cm5.20 =r , 101 =εr , 32 =ε r  
and S/m01.01 =σ . 

The resistance and reactance of the point grounding placed at the surface 
( 0=h ) versus the distance L , for different 21 σσ  ratio as a parameter, are pre-
sented in Fig. 6 (when point grounding is placed on the inhomogenity surface), 
and Fig. 7a-b (when grounding is on the earth surface). The values of the pa-
rameters are m1=a , cm5.20 =r , 101 =εr , 32 =ε r  and S/m01.01 =σ . 

When the point grounding is placed in the center of the inhomogenity, it is 
possible to obtain its complex impedance in the closed form as  
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Fig. 4 – Resistance and reactance of the point ground electrode (Fig. 1b). 
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Also in this case of 0=h , when the point grounding is placed at large 
distance from inhomogenity ( aL >>> ), with increasing L , the complex impe-
dance approaches the limit value 
 

012
1j

r
XRZ ggg σπ

=−= . (3) 

The comparison of resistance obtained using expressions (1b) and (2), when 
point electrode is in the center of the inhomogenity, is presented in Table 1.  The 
values of the parameters are m1=a , cm5.20 =r , 101 =ε r , 32 =ε r  and 

S/m01.01 =σ . Good agreement between compared results is notable. 
The compared results for resistance obtained using expressions (1a) and (3), 

(the point electrode is at large distance from inhomogenity) are given in Table 2. 
The values of the parameters are m1=a , cm5.20 =r , 101 =ε r , 32 =ε r  and 

S/m01.01 =σ . Very good agreement can be noticed yet for aL 5.1= . 

 
a) 

 
b) 

Fig. 5 – Normalized potential distribution on the inhomogenity surface (a), 
and on the earth surface (b) for the grounding  electrode shown in Fig. 1b. 
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Fig. 6 – Resistance and reactance of the point ground electrode when 

electrode is placed on the inhomogenity surface (Fig. 1b). 

 
Fig. 7a – Resistance of the point ground electrode when electrode 

is placed on the earth surface (Fig. 1a). 
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Fig. 7b – Reactance of the point ground electrode when electrode 
is placed on the earth surface (Fig. 1a). 

 

Table 1  
Resistance of the point electrode )(ΩgR  placed in the inhomogenity 

center and value obtained using expr. (2). 
 

 21 σσ  

 0.1 0.5 2 10 
appr. 
value 77.985921545721 326.26764063081 1257.324078523 6222.9579797 

expr. (2) 77.985921545723 326.26764063086 1257.324078527 6222.9579800 
 

Table 2  
Resistance of the point electrode )(ΩgR  placed at aL 5.1=  

from the inhomogenity center, and value obtained using exp. (3). 
 21 σσ  
 0.1 0.5 2 10 

appr. value 632.457420 635.427795 637.119070 636.608732 
expr. (3) 636.619772 

4 Conclusion 

The potential distribution on the ground surface in the vicinity of the point 
ground electrode placed inside and outside of spherical inhomogenity and fed by 
LF current using the isolated earthing conductor, as well as point electrode 
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complex impedance, are determined in this paper. The content of this paper pre-
sents introductory analysis for solving more complex problems such as charac-
terisation of the linear ground electrode placed in arbitrary direction in the 
vicinity of the semi-conducting inhomogenity or inside of the inhomogenity 
treating ground as a semi-conducting medium. 
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