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Abstract: In this paper, the quality of the Polarization Shift Keying (PolSK) 
modulated signal in a Free Space Optical (FSO) system is analyzed. The 
atmospheric channel is statistically modeled with four different distributions, 
namely, the Gamma-Gamma distribution, Negative Exponential distribution, K-
distribution, and I-K distribution. For all four channel models, the Average Bit 
Error Rate (ABER) at the receiving side of the system is determined in an 
analytically closed form. The results are graphically presented and discussed in 
order to determine the impact of certain parameters on the ABER, i.e., the 
quality of the received signal in the PolSK modulated FSO system. These 
parameters are the Signal-to-Noise Ratio (SNR), the FSO link distance, the 
wavelength at which the signal is transmitted, and the atmospheric turbulence 
strength. 

Keywords: Average Bit Error Rate (ABER), Channel model, Free Space Optical 
(FSO), Polarization Shift Keying (PolSK), Signal-to-Noise Ratio (SNR). 

1 Introduction 
In order to find an alternative to radio frequency (RF) communication, a 

novel optical wireless communication technique known as Free Space Optical 
(FSO) communication has been invented. Compared to RF systems, optical 
wireless communication systems are more resistant to interference. In addition, 
they provide a higher level of security and use a powerful local receiving 
oscillator that reduces the effect of noise [1 – 3]. 

FSO systems are very vulnerable to atmospheric conditions. Atmospheric 
turbulence has a strong impact on the operating wavelengths of the system. 
Turbulences are caused by fluctuations in the index of refraction along the 
propagation path. These atmospheric effects along the signal propagation path 
can cause phenomena such as beam spreading, image dancing, beam wander, 
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and scintillation, thereby leading to signal degradation and high Bit Error Rate 
(BER) values for the FSO system [3 – 8]. 

Thus, it is very important for wireless communications to know the 
Channel State Information (CSI) first, which refers to the known channel 
properties of a communication link. Principally, wireless nodes need channel 
estimation to perform essential tasks, such as precoding, beamforming, and data 
detection. Channel parameters include channel statistics, such as means and 
variances, and instantaneous CSI or packet transmission time delays. These are 
parameters that represent effects such as fading and power decay with distance. 
A comprehensive analysis on obtaining CSI in the emerging system 
architecture, Heterogeneous Cloud Radio Access Networks (H-CRANs), is 
given in [9]. 

Many distributions have been proposed for modeling different levels of 
channel atmospheric turbulence. How reliable the connection is depends on the 
link length and the aperture diameter. The higher the strength of the 
atmospheric turbulence, the link is available at a shorter distance. Link 
availability at longer lengths can be achieved by increasing the aperture 
diameter or using a relay technique [10]. 

The Gamma-Gamma distribution is usually used for modeling weak to 
strong turbulence conditions. The main advantage of this model is that it 
operates under the effect of sub-channel correlation, where other channels do 
not perform better [10].  

The Negative Exponential and K distributions are used for modeling 
atmospheric channels in strong atmospheric turbulence, while the I-K 
distribution is suitable for weak and strong atmospheric turbulence [5, 11].  

The Negative Exponential distribution can be used to communicate over 
distances of several kilometers. In this case, for larger values of the average 
electrical SNR, the average BER decreases and the capacity increases [11]. In 
the case of strong atmospheric fluctuations where the link length reaches several 
kilometers, the number of independent scatter becomes large in fading [12].  

The K distribution reduces to the Negative Exponential distribution as the 
value of α tends to infinity [11]. The K distribution is suitable for strong turbulent 
modes where the scintillation index is nearly 1 and then the value of intensity 
variance is between 3 and 4. The K distribution channel model is suitable to 
achieve a distance of 1 km with a SNR ranging from 20 to 27 dB [10, 12].  

The I-K distribution is a generalized form of the K distribution that can be 
used for all atmospheric turbulence conditions, including weak turbulence for 
which the K distribution is not theoretically applicable. Here, the important 
parameter, ρ, is considered as a product of two independent models, namely, the 
Exponential distribution and Gamma distributions. Thus, it can provide the 
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benefits of both of the models. The main advantage of the I-K distribution 
model is that the parameters can be easily controlled. Therefore, it is 
particularly useful when the K distribution is not very experimental [10].  

Depending on their detection, there are two types of FSO systems. One of 
them is intensity modulation/direct detection (IM/DD), which is the main mode 
of detection in FSO systems. However, as an alternative, coherent 
communication has also been proposed [13 – 15]. In comparison to IM/DD 
systems, the implementation of coherent FSO systems is more difficult. 
Coherent detection is one of the most promising techniques and it offers distinct 
advantages [15, 16]. It can provide higher receiver sensitivity and improve the 
channel usage. In addition, it has much better spatial and frequency selectivity 
because it is based on the use of a local oscillator at the receiver [16, 17]. One 
of the greatest advantages of coherent systems is the ability to use any kind of 
amplitude, frequency or phase modulation technique [15, 18]. 

Polarization Shift Keying (PolSK) is a new digital effective alternative 
modulation technique in FSO systems with coherent detection. It is used for 
long-distance wireless optical communications. Compared to other modulation 
schemes, PolSK provides immunity to atmospheric scintillation, higher data 
rates and lower BER. It has high immunity to laser phase noise and the light 
intensity is more uniform when propagating through atmospheric turbulences 
[14, 19 – 21]. Links in PolSK-based FSO systems have improved performance 
in terms of peak optical power. Thus, PolSK can be used as an effective method 
to reduce the impact of turbulence effects [22]. 

In PolSK, the States of Polarizations (SOPs) of an optical signal are used as 
information carrying parameters [21]. The information is encoded with different 
SOPs using an external modulator. PolSK uses intensity modulation, where two 
orthogonal polarization directions are used for the transmission of 0 and 1 data 
bits. Thus, the data bits in x and y polarizations are always complementary [14, 
23, 24]. In relation to the amplitude and phase in the actual case of laser beam 
propagation, the SOPs have more stable characteristics. 

The probability of a conditional BER that depends on the irradiance 
fluctuation at the receiver for an optical signal transmitted by a FSO system 
with the PolSK modulation scheme can be expressed as [25]: 

 ( )
2

2
1 erfc ,
2 2ec

R PP I I
 

=   σ 
 (1) 

where R is the photodetector responsivity, P is the local oscillator power, and σ2 
represents the variance of the channel noise. 

In this paper, the Average BER (ABER) expressions for the Gamma-
Gamma distribution, Negative Exponential distribution, K-distribution, and I-K 
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distribution are derived for a coherent FSO system using the PolSK modulation 
scheme. In Section 2, the analyzed system model with initial expressions is 
given and analytical expressions for the ABER for all four above-mentioned 
distributions are derived and presented. The obtained numerical results are 
presented and discussed in Section 3 for different levels of atmospheric 
turbulence, wavelengths and FSO link distances. Section 4 summarizes the 
conclusions. 

2 Analytical Results 
The Average BER can be obtained by averaging (1) over the Probability 

Density Function (PDF) of the irradiance coefficient at the receiver, I, according 
to [25]: 

 
0

( ) ( )d .e ec IP P I f I I
∞

=   (2) 

In addition, the average Signal-to-Noise Ratio (SNR) at the receiver for the 
PolSK based FSO system can be defined as [2, 25]: 

 ( )
2

2 .R PISNR I =
σ

 (3) 

2.1 Gamma-Gamma distribution 
The PDF for the Gamma-Gamma model is given by the expression [26]: 

 ( ) ( )
( ) ( ) ( )2 1

2
2

2 ,If I I K I

α+β
α+β −

α−β

αβ
= αβ

Γ α Γ β
 (4) 

where I is the irradiance at the receiver, Г(·) represents the Gamma function [27, 
Eq. 8.310], and Kυ(·) is the υth-order modified Bessel function of the second 
kind [27, Eq. 8.432]. The parameters α and β are the effective numbers of small-
scale and large-scale eddies of the scattering environment, respectively. These 
are atmospheric turbulence parameters that for plane waves propagation and the 
zero inner scale can be expressed as [26]: 
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where σR
2 represents the Rytov variance used to determine the optical signal 

intensity due to atmospheric turbulence, as defined by: 
 2 2 7/6 11/61.23 .R nC k Lσ =  (7) 
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The parameter Cn
2 denotes the index of refraction used as a measure of the 

turbulence strength. For the horizontal propagation path, the parameter Cn
2 is 

considered constant with mean values from 10-17 m-2/3 to 10-13 m-2/3 for channels 
from weak to strong turbulence, respectively. The parameter k is an optical 
wave number, defined as k = 2π/λ with wavelength λ, while L is the distance 
between the transmitter and the receiver, i.e., the length of the optical signal 
propagation. 

In order to derive a closed-form ABER expression, the modified Bessel 
function of the second kind Kυ(·) in (4) is represented by the Meijer G function 
as [27, Eq. 9.34.3]: 

 ( ) ( ) ( )
2

2,0
0,2

1 ,
2 ,  22 4

xK x Gν

 −
=  ν − − ν −  

 (8) 

and the complementary error function erfc(·) in (1) is represented by the Meijer 
G function as [28, Eq. 06.27.26.0006.01]: 

 ( ) 2,0
1,2

11erfc .
0,  1 / 2

x G x
 

=  π  
 (9) 

By substituting (4) into (2), we obtain the expression (A1) and then after 
making use of the relationships given in (8) and (9), the resulting integral (A2) 
is obtained. By using the solution of the resulting integral given by [29, Eq. 
07.34.21.0011.01], we derive the ABER closed form expression as follows: 

 ( )
( ) ( )
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.(10) 

2.2 Negative exponential distribution 
The PDF for the Negative Exponential model is given by the expression 

[11, 30]: 

 0

0

1( ) e ,
I
I

If I
I

−
=  (11) 

where I0 is the mean irradiance. 
By substituting (11) into (2), we obtain the expression (A3) and then after 

using the relationship given in (9) and the identity [31, Eq. 8.4.3]: 

 1,0
0,1 ,

0
xe G x−  −

=  
 

 (12) 
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the resulting integral (A4) is obtained. By using the solution of the resulting 
integral given by [29, Eq. 07.34.21.0011.01], we derive the ABER expression as 
follows: 
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00
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R PIR PI

 −σ σ =  π −  

 (13) 

2.3 K distribution 
The K distribution represents a product of the Exponential and Gamma dis-

tributions [11]. The K distribution of the irradiance at the receiver is given by [30]: 

 ( ) ( ) ( )
1
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Γ α
 (14) 

where the parameter α is defined by (5). 
By substituting (14) into (2), we obtain the expression (A5) and then after 

using the relationships given in (8) and (9), the resulting integral (A6) is 
obtained. By using the solution of the resulting integral given by [29, Eq. 
07.34.21.0011.01], we derive the ABER expression as follows: 
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2.4 I-K distribution 
A generalized form of the K distribution applicable to all atmospheric 

turbulence conditions, including weak turbulence for which the K distribution is 
not suitable, is the I-K distribution. For the I-K distribution, the field of the 
optical wave is modeled as the sum of a coherent (deterministic) component and 
a random component [11].  

The I-K distribution of the irradiance at the receiver is given by [30]: 
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where ρ is the coherence parameter and Iυ(·) is the υth-order modified Bessel 
function of the first kind [27, Eq. 8.431]. The parameter α is defined by (5). 
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By substituting (16) into (2) for 0 < I < ρ/(1+ρ), we obtain the expression 
(A7) and then after making use of the relationship given in (9) and expressing 
the modified Bessel function of the first kind  Iυ(·) in (16) in the form of an 
infinite series [27, Eq. 8.445]: 
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the resulting integral (A8) is obtained. By using the solution of the resulting 
integral given by [27, Eq. 7.811.4], we derive the ABER expression as follows: 
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By substituting (16) into (2) for I > ρ/(1+ρ), we obtain the expression (A9) 
and then after using the relationships given in (8) and (9), the resulting integral 
(A10) is obtained. By using the solution of the resulting integral given by [29, 
Eq. 07.34.21.0011.01], we derive the ABER expression as follows: 

 

( ) ( )

( )

11
22

2

12

2
2,2
2,3 2

1 11 1 2
22

1,  2 1 2 2 .
1 1 1,  ,  

2 2 2

e
R PP I

G
R P

α+α− −

α−
  = α + ρ + αρ ×  ρ σπ    

 α − α− − σ α + ρ
 ×

α − α − α + − −  

 (19) 

3 Numerical Results 
Based on the obtained closed form analytical expressions for atmospheric 

channels modeled with Gamma-Gamma distribution, Negative Exponential 
distribution, K distribution, and I-K distribution, i.e., (10), (13), (15), and (19), 
respectively, the ABER as a function of the SNR and FSO link distance, L, are 
graphically presented. The FSO system is considered at three different 
wavelengths: 850 nmλ = , 1350 nmλ =  and 1550 nmλ = , as well as three 
types of atmospheric turbulence: strong, moderate and weak, with indexes of 
reflection 2 13 2/31.2 10 ,mnC − −= ⋅ 2 14 2/32 10 mnC − −= ⋅  and 2 15 2/36 10 m ,nC − −= ⋅  
respectively. 



J. Todorović, B. Jakšić, P. Spalević, Đ. Banđur, M. Banđur 

178 

3.1 Gamma-Gamma distribution 
In Fig. 1 and Fig. 2 is shown the ABER behavior of the FSO channel 

modeled with the Gamma-Gamma distribution, as a function of the SNR and 
the link distance.  
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 strong, λ=1350 nm
 strong, λ=1550 nm
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 weak, λ=1350 nm
 weak, λ=1550 nm

 
Fig. 1 – ABER for Gamma-Gamma distribution as a function of SNR. 
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Fig. 2 – ABER for Gamma-Gamma distribution  
as a function of link distance L (SNR = 10 dB). 
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From Fig. 1, it can be seen that better transmission quality is achieved for 
higher wavelength values. Furthermore, in the case of stronger atmospheric 
turbulence, the ABER decreases slower with the increase of the SNR than is the 
case of moderate and weak atmospheric turbulence. 

It can be seen from Fig. 2 that strong atmospheric turbulence leads to a 
faster increase of the ABER with a FSO link distance increase. For moderate 
and weak atmospheric turbulence, the ABER increase is significantly less 
pronounced. In the first 1000 m of the link, the ABER is almost identical for all 
wavelengths in the cases of moderate and weak atmospheric turbulence. 

3.2 Negative exponential distribution 
In Fig. 3 is presented the ABER behavior of the FSO channel modeled with 

the Negative Exponential distribution as a function of the SNR. 
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1E-3
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 I0=1
 I0=2
 I0=3

 
Fig. 3 – ABER for Negative exponential distribution. 

 
It can be seen from Fig. 3 that the ABER decreases almost linearly with the 

increase of the SNR. In addition, from Fig. 3, it can be seen that higher values 
of the mean irradiance I0 lead to better performance of the FSO system, i.e., 
lower ABER values. 

3.3 K distribution 
In Fig. 4 and Fig. 5 is depicted behavior of the ABER for the FSO channel 

modeled with the K distribution as a function of the SNR and the link 
distance.It can be seen that for all considered levels of strength of the 
atmospheric turbulence and wavelengths, similar ABER values are obtained. In 
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other words, for all considered parameters, the ABER decreases in 
approximately the same manner with the SNR increase. 
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ER
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Fig. 4 – ABER for K distribution as a function of SNR. 
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Fig. 5 – ABER for K distribution as a function of link distance L (SNR = 10 dB). 

 
From Fig. 5, it can be seen that strong atmospheric turbulence leads to a 

faster increase in the ABER with increasing FSO link distance, similar to the 
case of channel modeled with the Gamma-Gamma distribution. However, for a 
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channel modeled with the K distribution, it can be seen that for strong 
atmospheric turbulence, the ABER tends to be constant for all operating 
wavelengths. For moderate and weak atmospheric turbulence, the ABER 
increase is significantly less pronounced. The ABER increase is more 
pronounced at longer link distances. 

3.4 I-K distribution 
In Fig. 6 and Fig. 7 is shown the ABER of a FSO channel modeled with the 

I-K distribution as a function of the SNR and link distance.  
From Fig. 6, it can be seen that for SNR<15 dB, approximately the same 

value of ABER is obtained. It is characteristic for the I-K distribution that for 
SNR>15 dB, the highest values of ABER are obtained for moderate 
atmospheric turbulence, and lower values for strong and weak turbulence. This 
confirms the recommendation that in the case of a moderate level of 
atmospheric turbulence, the I-K distribution should not be used for FSO channel 
modelling [9].  

From Fig. 7, it can be seen that, for strong atmospheric turbulence, the 
ABER as a function of the link distance behave identically as the ABER of a 
channel modeled with the K distribution and tends to a constant value for 
L>2500 km. In addition, in the case of moderate atmospheric turbulence, the 
ABER behave similarly as in the case of the channel modeled with the K 
distribution. In the case of weak atmospheric turbulence, the ABER tends to be 
approximately constant with FSO link distance changes. 
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Fig. 6 – ABER for I-K distribution as a function of SNR. 
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Fig. 7 – ABER for I-K distribution as a function  

of link distance L (SNR = 10 dB). 
 

4 Conclusion 
On the basis of the obtained results, it can be seen that the ABER decreases 

with the SNR increase, that is, increases with the increase in the FSO link 
distance. The best system performances are obtained for weak atmospheric 
turbulence and high operating wavelengths, and the worst performances are 
obtained in the case of strong atmospheric turbulence. The only exception refers 
to atmospheric channels modeled with the I-K distribution, where the worst 
performances are obtained for moderate atmospheric turbulence. For that 
reason, it is not used for FSO channel modelling in the case of a moderate level 
of atmospheric turbulence. In atmospheric channels modeled with the K 
distribution, approximately the same value of ABER is obtained for all levels of 
atmospheric turbulence.  

If the behavior of the ABER is considered as a function of the FSO link 
distance, it can be concluded that in all cases of FSO channel modeling, there is 
a significant deviation of ABER in cases of strong atmospheric turbulence from 
other levels of atmospheric turbulence. For channels modeled with 
Kdistribution and I-K distributions, there is no wavelength impact on the longer 
link distances (ABER tends to a constant value). Better system performances 
are achieved for moderate and weak atmospheric turbulence. In these cases, on 
the shorter sections of the FSO link, there is no wavelength impact on the 
transmission quality. On the basis of the obtained results, it can be also 
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concluded that the best performances are obtained for channels modeled with 
Gamma-Gamma distribution and then for channels modeled with the I-K 
distribution. 

5 Appendix 
This Appendix shows the resulting integral expressions for the PDF for all 

four channel models whose closed form solutions are presented in the paper. 
Expressions for the ABER calculation for Gamma-Gamma distribution is 

given as: 
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Expressions for the ABER calculation for the Negative exponential 
distribution is given as: 
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and then the resulting integral is obtained: 
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Expressions for the ABER calculation for the K distribution is given as: 
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and then the resulting integral is obtained: 
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Expressions for the ABER calculation for the I-K distribution for 0 < I < 
ρ/(1+ρ) is given as: 
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and then the resulting integral is obtained: 
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Expressions for the ABER calculation for the I-K distribution for 
 / (1 )I > ρ + ρ  is given as: 
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and then the resulting integral is obtained: 
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