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On the K and K Fading Channels

Danijela Aleksi¢', Mihajlo Stefanovi¢’, Zoran Popovi¢®, Dragan
Radenkovi¢*, Jovan D. Risti¢®

Abstract: In this paper, the composite Rayleigh-Gamma and Nakagami-Gamma
distributions are considered. Multipath short-term fading and long-term fading
(shadowing) affect wireless channels. A composite fading model was proposed
for the modeling of shadowed channels, which resulted in a closed form solution
for the probability density function (pdf). These composite Rayleigh-Gamma and
Nakagami-Gamma are well-known as the K-distribution and Kg-distribution,
and are applied to cases where both micro- and macro-diversity schemes are
implemented to mitigate short-term fading and shadowing, respectively. Thus,
the composite pdf model offers significant improvement over approaches, which
use lognormal pdf for shadowing. The results demonstrate the simplicity and
usefulness of the composite pdf in the performance analyses of shadowed fading
channels.

Keywords: Fading, Compound Gamma distribution, Nakagami-m, Rayleigh,
RV, Shadowing.

Introduction

The composite Rayleigh-Gamma and Nakagami-Gamma distributions are
mathematically tractable for the analytical evaluation, a bit error rate and an
outage probability of communication systems. The composite Rayleigh—-Gamma
distribution is known as the K-distribution and the composite Nakagami-
Gamma distribution is known as the Kg-distribution. The composite Rayleigh-
Gamma distribution closely approximates Rayleigh—lognormal distribution and
the composite Nakagami-Gamma distribution closely approximates Nakagami-

lognormal distribution.

The composite Rayleigh-lognormal and Nakagami-lognormal distributions
are not mathematically tractable for analytical evaluations. Multipath fading and
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shadow fading can be modeled by the composite Rayleigh-Gamma and
Nakagami-Gamma distributions.

Using the K and K fading models we can obtain closed form and easy use
of expressions for the average BER.

The main drawback of the Rayleigh-lognormal distribution is its
complicated mathematical form. Multipath fading and shadow fading affect
wireless channels and the composite Rayleigh- Gamma and Nakagami-Gamma
are proposed for the modeling of shadowed fading channels. This model is
applied to the cases where both micro- and macro-diversity are used to mitigate
short-term fading and long-term fading.

Channels suffer from short-term fading and long-term fading

None of Rayleigh and Nakagami models leads to a closed form solution for
the probability density function of the signal for noise at the output of receiver.
Recently, composite Rayleigh— Gamma and a composite Nakagami-Gamma
distribution are proposed to describe the shadowed fading channels.

This model assumes a Nakagami or Rayleigh density function for the
envelope of the received signal and the power of the envelope has gamma
distribution. This composite model can be used to analyze the performance of
wireless systems in shadowed fading channels.

A multipath short-term fading is mitigated using micro-diversity techniques
and it will not be sufficient to mitigate channel degradation when shadowing is
present. Long-term fading or shadowing fading is mitigated by using macro
diversity techniques.

This paper is organized as follows. In the Section 2 the probability density
function and the moment generating function (MGF) of Rayleigh-Gamma
distribution are determined; in the Section 3 the bivariate Rayleigh-Gamma
distribution is considered; in the Section 4 Nakagami-Gamma distribution is
analyzed, and in the Section 5 bivariate Nakagami-Gamma distribution is
calculated. In the Section 6 the conclusion is given.

2 Statistics of Rayleigh-Gamma Random Variable
The conditional pdf of Rayleigh random variable is:

2
»

Pr(r/y)z%e_y, r>0, (1)

= . 1 . ..
where y=7r",if y=r>, r= ﬁ , and dr_ . We can obtain the conditional

dy 2y

pdf of squared Rayleigh random variable:
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~Py(Jry)=— @)

d 1 -
Py(y/y =‘— -
(r17) dy Y

Averaging the expression (2) with respect to y, we obtain Rayleigh distribution

in the term:
Py(y)=[Py(y/ y)Py(y)dy. 3)

The power of random variable y has Gamma distribution:

Yy

Py(y) =%yw“* e . @)

In Py(y), c is the order of the Gamma distribution and it is the measure of the

shadowing present in the channel. By substituting (2) and (4) in (3) we can
write:

Y

[ 1 y 1 "0
Pv(v)=£;e myo ‘yle r()

Integral form of the modified Bessel function of second kind is:

Ix e 2(} (2\/—) (6)

By substituting (6) in (5), we obtain pdf of Rayleigh in the equation:

e) “’dy %)

Py =22 k|2 lJ. 7
v(Y) F(c)(vy) ( . (7

The cumulative distribution function of the Rayleigh is:
T
Fy(v)= [ Py(x)dx. (®)
0

Substituting (5) in (8) results in

e Mdy. 9
Fy(y)= F() fy y ©)

0

Changing the order of integrations can be written as:
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-c © y

v(v)—mfdy-y“e f"oie Ydx=

—¢ © ¥y x|V
yO c-2 S y
— d . e }oy e y —
F(C)O |: :|0
—C © Y Y
d 1—¢’ |=
Tl [ ) J

—¢c © y Y.y
Yo el Yo S
= c 0 d _— c 0 d =
o) [» y [» y

y"' ‘ _ y() 2 , 2K£ yj:
r()y (o) e (W) '/yo
_-2 [l)ch(z lj.
L)\ y, Yo

The moment generating function (MGF) of r is:

My(s)=e" = [e" Py(y)dy.
0

Substituting (5) in (11) and changing the order of integrations we can write:

0 Yy Y
My(s)= {Idyey‘ I:V(O )Idy-y”e T ye ’]
0

“ti) ;Idyezey

“rg e fare -

fv(gc)Tdy ” Jﬁz
T

0

Moment n-th order of y is:

190

(10)

(11

(13)



On the K and K Fading Channels

m, =y = [y"Py(r)dy. (14)

Substituting (5) in (14) and changing the order of integrations the moment of
n-th order of y becomes:

© —c © Y_ Y Y
— [ 4y Y0 20V Yo e V=
m,= |y dy——|dy-y""e’ P ye’ =
o]
—-c ® Y Ve ¥
yO J- ycheyyOJ-d,Y ,Yn61:
I'(c)y 0 (15)
_ yO_C r’Dd c-2 7§ n+l _
= y-yTe " y"T'(n+l)=
r@! )
—c ® Yy
‘ N A Gl
J- y-y Te = ( )yo-
1"( )% I'(c)
The random variables y, and y, are Rayleigh distributed:
yfq © o n
PY](Y])Z 1_,(0; )J.qu_le o dy]:
170
yoor N ¥y (16)
PYz(Yz)_F(OZ )fyz Te dy,.

The pdf of sum of y, and v, is:

v)=inl (v[v2 )Py, (v,)dy, =

Loy oy Ih e CN an
_ r(o;l) r(oz ) Yzjdylyl e N o .([dyzyzczZ e 2 Ju
Changing the order of integrations, we can write:
P y(;lcl y(;ZC _J’i]_yyiullwd YOz d %_;7022 —
v(v)—r( T )I ' f Y I y,e
y_cl y_cz * Y N _Y2 .y —y Y2 (18)
— 201 _J02 dy y"F e N Yo dy y -2 e Yo _ 2102 e M_]
r(cl)r(c»{ - I o =¥
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3 The Bivariate Rayleigh-Gamma Distribution

The conditional bivariate Rayleigh distribution is given by:

(A
P (;flrz/ylyz):&e lfp[yl yz]] (M} 7,1, >0. (19)

" ylyz(l—p) ’ (1_9)\/)’1)’2

Let us now define two random variables y, and vy, in terms of # and r, by the

transformation:
v, =7 and y, =75 (20)
The Jacobian of this transformation is:
1
/= :
SNV

The conditional squared bivariate Rayleigh distribution is:
(1,1
L e, (2den
—e | —————|. 21
n(1-p) (1-p)\3y,

Assuming that y, and y, are i.d. gamma RV’s with parameters ¢ and y,, the

Pyyy, (Y1Y2 /y1y2):

joint pdf of y, and y, can be expressed as:

c—1
> el _ 1t 4
P ) 2 o Yoll-pi) Icl[ VP J, (22)

Hd@—@%ﬁwhb yo(1=py)

where p, is the correlation between y, and y,,and /_, isthe modified Bessel

a

Py,y, (yly2):

function of the first kind of order (c—1). By averaging (21) with respect to y,
and y, it follows,

Pyyy, (ylyz) = deljdy2P71Y2 (Y1V2 /Y1y2)Py1y2 (ylyz) . (23)
0 0

By substituting (21) and (22) in (23) it follows that:

P —OO f 1 _017@[%+%J 2 P-YiY>
Yle(Y1Y2)—Idy]Idy2—e [0 _NvF 12 .
0 0 Ny (

1-p)/»y,
(c-1)

o (}EV)Qgﬂe*iﬁfnl 2P,
1—‘(c)(l_p1)yoc+1 o ! Yo (1—91)
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The infinite series representation for /,(x) and 7 (x) are:

= Z(zj %
=33

LT, +n+1)

(25)

Substituting (25) in (24) and changing the order of summations and integration
can be written:

1 P
(1-p) T(e)A-p)y;"

foro s g

Pylyz (y1Y2 ) =

12 ij=0 (1 P)
l +(c 1) 2iy+c-1
'(yy)lm) o iylyzz > (b _
2 oo L L (i, +¢) ( _pl) (26)

0 s (NWJ
(1-p) ()(1 P2 Z N (1-p)

. \/pT J212+L 1 |
Zl +c){ )

i, =0 (l_pl

Y1 ) T V2

.J.dyl .le*iﬁ'z (- p)}l (I=p1)yo dez yzc NP (l—p)yz (I=p1)yo .
0

P’Yle (Y1Y2 ) =

1
4p2 " i (\/B\/Yﬂz
c+l1

r(c)(l p)(l pl Yo 110 (1 p)

i . ( \/pT szﬁc 1'[(1_‘)1) . T i +iy— 1.
fz=0i2!r(i2 +C) yo(l_pl) (l—p) yo\/Ysz

) Y1 Y2
Kot [2\/(1 —p)y (1- pl)]KC""”Z‘1 {2\/(1 =p)y,(1-p)) J
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Fig. 1 — The probability of bivariate Rayleigh-Gamma distribution.

4 Nakagami— Gamma Distribution

The conditional Nakagami—m distribution has the term:

Pr(r/y):%m)(%j P e7r , r=0, 27)
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where ['(m) is the Gamma function, y is an average signal power, and m an
arbitrary fading security parameter with values from 0.5 through infinity.
Transforming random variable » to y, where is

dr 1

dy 2\/§

we obtain probability density function for squared Nakagami—m random
variable as follow:

y=r>, r=4Jy and

2 (mY)'
PY(Y/)’)ZW{%j 7" er, y20. (28)

Averaging Py(y / y) with respect to y, using (6), it follows:

Py(y)=[Py(y/y)Py(y)dy =

K : m—1 _%V yo_c c-1 7ﬁd —
Ir(m)( ) STl ©

0

| ) . @9)
y m, m—1 —m+c—1 _7_7
=—t—m"y"|dy-y"" e T =
L(c)l'(m) I[
yo’f m, m—1 on m'Y
= —m"y" - 2(myyy) 2 K, 12— |
T(c)F(m) (ma7) [ Yo
The cumulative distribution function of Nakagami-Gamma random variable is:
7cmm Y 00 _mx_y
Fy(y)=|Py(x)dx=———|x""dx|dy- " "e ~ ™.
'[ l“( )L (m )I !
Changing the order of integrations, it follows:
7¢ Yy mx
Y(Y)—— y-y e [x" e 7 dx=
(el (m )I !

" LY mx )| _
—F(C)F( j vy (m] {r(m) y(m yﬂ (30)

_y
mx
=1- y° (m —Jd >
r(c’)l“(m) I y
The MGF of Nakagami—m random variables is:
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o0 o0 o0 my 'y
s s S yo m—1 c-m-1 _ v v
My(s)=e" =|e"Py(y)dy= dv'ey— dy-y“ e ” ™.
! J; r@rm)’ !
Changing the order of integrations, we can write:
o (m)” T -
y( ) — 0 dy . yc—m—le Yo eysym—l e ¥y dy —
L(c)l'(m )'[ '<[
— yO*C (m)m Tdy.yc—m—l eii y ! — (31)
L)' (m)y m—ys
yO ( )’" T c m— 1 i —-m
m—ys
F(c)F(m -([ (= ys)
Moment of n-th order of Nakagami-m RV’s is:
- 0 0 —C m © _ﬂ_i
n yo m c—m-1 Yy Y

v = [v'Py(dy =y dvm

Changing the order of the integrations, it follows:

=}

_ym

dy ycml )OJ.d,Y ,Yn+mley_

(32)

m—1 -
e)’oz

= —F(c)F(m) I'(n+ m)‘([dy -y

_T(m+m)I'(c+n)
~ T(c)[(m)

0 -

5 Bivariate Nakagami-Gamma Distribution
The bivariate Nakagami-Gamma distribution has the form:
Pr 7, (r]r2 /ylyz) =
ey ( 2myJpr, ] (33)

A-p)yys )

Lin-1y
L(m)y,y,(1=p)(»y,)*
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2 2
where b2 =I’1_2, y2:r2_2’ and o= COV(r1 +rz )
a7 ) +var ()
coefficient (0 <p<1).

Transformation of random variables 7 and r, respectively into y, and 7v,,

is the power correlation

gives v, =1, v, =7, and the Jacobian is:
1
4,

We can obtain the joint probability density function of shared Nakagami-m
RV’s in the form:

1=

PYle (Ylyz /y1y2)=

m"! mol | I p[j}i Yvi][ [2m\/BVY172J (34)
m—1

= il (71Y2 ) h .
T(m)(1=p)(3ys) 2 (=P)3,

Averaging the expression (34) with respect to y, and y,, it follows:

Py, (vir2)= fdylfdszwz (Vv / 3w ) Py (1132) =
0

© 0 n+1 m—1 i, Y2

l ('Yﬂz) lp[y ] [2’” p ’YI’YZJ
—(dy [d _ Gl [ EINPNTYS G 35y
Janfa. e L a=-pn,

o0 F(M)(l—p)(ylyz) 2
P (ylyz) I)G*& (Zf\/ylyzj

F(c)(l_pl)yo (1 )

Using the infinite series representations for modified Bessel functions and
changing the order of summation and integration, we can write:

m“ m P N,
Y ——(m+l) X
Py, (Y1Y2) #J‘ j yl)’z ( De - P[y. » ]
0

o1 o, |
1011 ll+m - p)\/)’])’z

(c 1) Lo . 2iy+c-1
P (3 e%i 1 (\/p_l \/ylyz] _

r(c)(1-p,) " Zr(+ o) v (1-p)
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T(m)(1-p) T()(1-p,)ys" Si'C(i+m)|  (1-p)

2iy+c-1
3! Vo .
1-2:01'2!1"(1'2 +c) Yo (l—pl)

my, N o my, hy)
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0 0

l c— i+m—
_ mm+l ('Y]Yz )m—l p12( 1) i 1 {m f—p '—y]yz Jz 1 |
1 .
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m— 1 c— 2 +m-1
~ mm+] ('YI'YZ) 1 4p12( 1) . i 1 [m\/gqylyz J )
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T Tm)(1-p) T@(1-p)y" il +m)| (1-p)
2iy+c—1 c—m—ij+i,
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my, ny,
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Fig. 2 — The probability of bivariate Nakagami-Gamma distribution.
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P =0.5
A =0.5

Firy.ral

Fig. 4 — The probability of bivariate Nakagami-Gamma distribution.

Using the expression for the joint pdf of Nakagami RV’s, we can determine
the expressions for CDF, joint MGF and joint moments for Nakagami-m
random variables.
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6 Conclusion

This paper considers the Rayleigh-Gamma and Nakagami-Gamma
distributions. Closed form of expressions for the probability density functions
for Rayleigh-Gamma and Nakagami-Gamma random variables are obtained. In
addition, the cumulative distribution functions, the generating functions and
moments of these random variables are determined. These functions can be used
to determine the outage probability and the bit error probability in digital
communication systems operating over multipath and shadow fading channels.
The Rayleigh distribution and shadow-fading channel are described with
Rayleigh-Gamma distribution; the Nakagami-m distribution and shadow-fading
channel are described with Nakagami-Gamma distribution. The results of this
paper can be used to determine the performance analysis of macro- and micro-
diversity systems. The macro-diversity systems are used to mitigate the
shadowing and micro-diversity systems are used to mitigate the multipath
fading.
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